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1. Introduction 
The intention of this paper is to attempt to clarify some of the features of Legendre 
transformations and Cartan forms in first- and higher-order Lagrangian field theories. 
Although Cartan forms are not mentioned in the title, they appear automatically. 
Indeed, I now firmly believe that Legendre transformations and Cartan forms are just 
two different aspects of the same geometrical object: the reason for this belief will be 
described in Section 4. 
The first part of the paper covers first-order theories, and presents an approach given 
by Carifiena et al. [a]. Although the first-order theory is now .quite well understood, its 
inclusion here is necessary to lay the groundwork for the development of the higher- 
order theory. 
The remainder of the paper presents two distinct approaches to the higher-order 
theory. The first involves a construction of a global Cartan form, based on my in- 
terpretation of the work of Kuperschmidt [5,6]. The second is new, and is based on 
the result of joint work with Mike Crampin [8], using a method derived from that of 
Aldaya and De Azcirraga [l] and Gotay [4]. 0 ne consequence of this second approach 
is that we are able to give a clearer description of the sense in which the Legendre 
transformation/Cartan form in second-order field theories is unique. 
The notation of this paper generally follows that of [7]. 
2. Algebraic constructions 
Let V be a real vector space of dimension n. The set Vt of affine maps from V 
to R may be given the structure of an (n + 1)-dimensional vector space. The set V” 
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of constant maps from V to R is a one-dimensional vector subspace of Vt, and the 
quotient space Vt/V’ is canonically isomorphic to the dual space V*. 
A similar construction may be applied to an affine space A modelled on V. The 
set At is then an (n + 1)-dimensional vector space with a one-dimensional vector sub- 
space A”, and if we let A* denote the quotient At/A” then A* is canonically isomorphic 
to V*. We therefore have two candidates for the “affine dual” of A: the space At, which 
may be called the extended dual, and which has a natural definition; and the space A*, 
which has the same dimension as A. We shall use both these spaces in our construction 
of Hamiltonian maps and Legendre transformations. 
Now let 
be an exact sequence of vector spaces, where V - U is the inclusion map. Let 
C denote the set of splittings of this sequence: that is, C is the set of linear maps 
d : W - U satisfying R o u = idw. The set C may be given the structure of an affine 
space modelled on L( W, V) 2 V 8 W* by defining o + X (g E C, X E L(W, V)) to be 
given by 
Now suppose that dim W = m. Let R E A” W be a volume form (in the present 
context of vector spaces, this is just a real-valued alternating m-linear map). We may 
use R to represent the extended dual space Et by m-forms on U, as follows: an m-form 
w E /\” U corresponds to a map G : C - R by the rule 
qap = u*w 
whenever rr E C; the map G is affine (and so is an element of Et) if, and only if, 
b,v2 E v, i,,ivzw = 0. 
We denote the set of m-forms on U satisfying this condition by A? k. 
To see the relationship between w and ij in coordinates, let {e;} be a basis for W 
such that R(er, . . ..e.) = 1, and let {e,} b e a basis for V. By taking a fixed element 
00 E C, we may construct a basis {ae(e;), e,} for U, and the dual basis {@, P} for U*. 
If us are elements of 9 satisfying 
then corresponding to w (or 2) there are real numbers p, pi, such that 
i3 =p+pi,u;a, 
w = px*(R) + p”,P A n*(i,$). 
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To see how these constructions relate to Legendre transformations, let A be a general 
affine space with a E A, and let L : A + R be an arbitrary smooth function. The 
first-order Taylor approximation to L at a is an affine function on A which we shall 
denote by LegLI,: 
LegLl, (b) = L(a) + dLI, (b - a). 
We may therefore define a map LegL : A + At by a - LegLI,, and this map may 
be called the Legendre transformation corresponding to L. In coordinates, 
LegL,), (b) = L(u) + (b’ - a’) $1 
n 
so that 
LegLI, = L(U)- U' g 
( I I> 
E 
a) da' a .* 
We may apply this notion to the space C by taking an arbitrary smooth map L : 
C - R. The Legendre transformation corresponding to L is then given in coordinates 
Using the association between Et and the m-forms on U, we may also write 
OLI, = 
( 
L(a) - us g 
I> 
n*(R)+ $ 8” A X*(i& 
i Q : 0 
and we may consider this to be the Curtan form for L at the point 0 E C. Definitions 
of both the Legendre transformation and the Cartan form therefore make sense in this 
abstract scenario of the set of splittings of an exact sequence of vector spaces. 
3. Jet bundles and duals 
Let E 5 M be a smooth bundle with dim M = m and dim E = m + n; suppose 
further that M is orientable with a given volume form 0. For each a E E, we may 
form the exact sequence of vector spaces 
0 - Van + T,E = T+,M - 0. 
The set C, of splittings of this sequence is an affine space modelled on L(Tn(a+, V,lr), 
and the union Jln = UaEE C, may then be given the structure of an affine bundle 
over E, modelled on the vector bundle V?r @I n*T*M - E. 
In fact, this slightly unusual construction of the first jet bundle of rr can be general- 
ized somewhat: the essential feature of the exact sequence used to start the construc- 
tion is that it makes use of a “vertical direction” in each tangent space T,E, and so 
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a smooth distribution 2) of constant dimension on E may be used instead. For each 
a E E, the exact sequence 
0 -----t V, - T,E - T,E/V, - 0 
may be used to construct the affine space C,, and then the union UaEE C, may again 
be given the structure of an affine bundle over E. The point of this generalization is 
that there is no requirement on the distribution 2, to be integrable, and so there may 
be no real “base manifold” of a bundle: we can, nevertheless, construct the bundle of 
jets of this “virtual bundle”. 
Returning to the more usual case of the jet bundle J1x, we may use the notions of 
affine duality discussed earlier to construct J’nt and Jrr* as vector bundles over E. 
We have 
J’nt = u {affine maps J1r Ia-) R} 
GE 
and 
J’n* = J%rt/J’nC. 
Local coordinates on Jllrt will be written as (z’,@,p,pL), and those on J1r* will 
be written as (c?,u*,pi,). We shah let p : J’nt - J~A* be the quotient projection, 
and uric, : J’nt - E, ?r;,o : J~K* 9 -3 E be the vector bundle projections (so that 
T! ,, = n; o o p). A smooth Lagrangian map L : J17r 
transformation LegL : J1 
- R then gives rise to a Legendre 
?r - J17rt by using the construction described in the previ- 
ous section for each affine space J’n In. Finally, we may let legL : J’n - J1r* denote 
the composite map p o LegL; this is a map between manifolds of the same dimension, 
and so we may define L to be a regular Lagrangian if legL, is everywhere an isomor- 
phism. (The map legL may perhaps be called the restticted Legendre transformation 
of L as, by comparison with LegL, some information has been lost.) 
The isomorphism described earlier between the extended dual space to an affine 
space, and a certain space of m-forms on a vector space, may now be applied to the 
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fibres of J’rt. We may now write 
J’,+ = (0 E j;T’E (ac E;Vt,1;1EV,r, i&e=0 . 
> 
In coordinates, an element 0 E Jlrt may therefore be written as an m-covector 
Using this isomorphism, J’nt has a canonical m-form 0 given as usual by 
@IO = (4,0)*(e) 
with coordinate representation 
0 = p Px + pi,dua A d”‘-lx;. 
(Note that, in general, this m-form does not pass to the quotient Jllr*.) We may also 
set 
@L = Leg;(O) = L d”x + dzls’ E(dua - updxj) A P-‘xi, 
1 
and this is the Cartan form for L. 
4. Interlude: Cartan forms and Legendre transformations 
I mentioned earlier my belief that a Cartan form and a Legendre transformation 
are merely two different aspects of the same geometric object, and I should now like 
to offer some justification for this belief, in a very general setting. Suppose, therefore, 
that we have an arbitrary bundle E & M, and that we wish to consider semi-basic 
l-forms on E-that is, forms on E which are horizontal over 44. Technically, there are 
three different ways in which such an object can be described: 
1. as a form w : E - T*E satisfying V JW = 0 for every vertical vector field V on 
E (or, equivalently, Vu E E, 3~ E T:(,,M with w, = n*(q)); 
2. as a section G of the pull-back bundle ?r*(T*M) - E; 
3. as a function U : E - T*M satisfying r& o G = K (a “l-form along r”). 
If 0 is the canonical l-form on T*M then 
w*(e) = w 
for any w; the canonical form 8 is tautological, and contributes no information. 
Now specialise this observation to E = TM, and take a Lagrangian L : TM -+ R. 
The Cartan form BL and the Legendre transformation 3L are traditionally related by 
eL = 3L*(e) 
whereas, with the notation above, we would have 
&3L. 
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The map 3L is itself the “l-form along the map r~” which is the third technical way 
of representing the semi-basic Cartan form, and a similar observation can be made for 
field theory versions of these objects described in the last section. 
There are, of course, substantive issues about the Legendre transformation/Cartan 
form, such as whether the approach through fibre derivatives gives the same result 
as the approach through almost tangent structures (or, indeed, whether the object 
constructed through fibre derivatives can be used in the first variational formula); 
given affirmative answers to these questions, the distinction the two views of the 
object seems to be of semantic interest only. 
5. Euler-Lagrange equations and Hamilton’s equations 
The almost tangent structure mentioned in the last section and used in the study 
of classical mechanics can be generalized to the situation of first-order field theories. 
Recall that the canonical almost tangent structure on TM can be constructed as an 
endomorphism of TTM (the “vertical endomorphism”) by using the canonical isomor- 
phism of the vertical tangent space at any point in the fibre of a vector bundle, with 
that fibre itself, and by composing the projection TTM : TTM + TM with the in- 
verse of this isomorphism (see, for example, [3]). F or an affine bundle, the isomorphism 
is between the vertical tangent space at any point in a fibre, and the corresponding 
fibre of the associated vector bundle. Here, 
vjit$Tl,O g (VT @ x*T*M)~(,) 
and so a l-form w on M defines an isomorphism 
0, : v7r - v,(Vn) c V7r1,f-J; 
by composition with ?rr,u and taking the “contact component”, this isomorphism pro- 
duces a map 
This is a “tensor field along ?rr” which in coordinates may be written 
and which by contraction of the second contravariant component with R on M gives 
the vector-valued m-form 
S = (do” - vzdxk) A d”-‘xj @ &e 
3 
We may then define the Cartan form for a Lagrangian L to be 
0~ = Ln;(R) + S(dL), 
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and this is the same as the Cartan form defined by the Legendre transformation LegL. 
A section 4 : h4 - E satisfies the Euler-Lagrange equations for L precisely when 
(jlfj)*(iXdOL) = 0 
for every vector field X on J’n: in coordinates, 
dL d i?L ---_-= 
&La dxi &L: 
o 
along j’4. The analogy with the traditional arrangement in classical mechanics is 
clear. 
In contrast, the situation for Hamiltonians seems to be rather different from that 
in mechanics. We shall define any section h : J1?r* - J1nt to be a Hamiltonian; 
putting 
Oh = h*(O), 
we shall say that a section 1c, : M - J’K* satisfies Hamilton’s equations for h if 
$J*(ixdO/J = 0 
for every vector field X on J’T*. The role of h is thus to transfer the canonical m-form 
on J’nt to the smaller manifold J1r*. 
In coordinates, h may be represented by a local function H on J1n*, given by 
p = H(xi, ua,p;), 
and then 
@h = H dmx + pbdu” A dm-lx;. 
Contracting dOh with fl/cYpk and a/d@ gives, along solutions +, 
&,P dH 
F=-aph’ 8X’ 
a$:, _ dH 
&r&z’ 
For a regular Lagrangian L, the map Leg,,, is a local embedding J1lr ---) J1rt 
transverse to the fibres of p : J1rt - J%r*. If this defines a section h of ~1, we shall 
call L hype+regular. In these circumstances 
legE(@h) = legih*(O) = Leg;(@) = 0~. 
A section r$ : A4 - E is a solution of the 
only if, legL o j*4 is a solution of Hamilton’s 
function H is then given in coordinates by 
Euler-Lagrange equations for L if, and 
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6. Higher-order theories - a first approach 
Several of the methods proposed for the construction of Legendre transformations 
and Cartan forms in higher-order Lagrangian field theories involve the repeated use of 
the first-order constructions. This is possible because J”n (the “holonomic” jet man- 
ifold) may be regarded as a submanifold of, for example, Jkelnl (a “non-holonomic” 
jet manifold); here, Jk-’ A is regarded as the primary bundle. All approaches of this 
type require the Lagrangian to be “spread out” to the larger non-holonomic space, 
and in general this may be done in many different ways: the result is that the objects 
constructed are no longer unique. 
One such method [5,6] involves writing the equation of first variation for a first-order 
Lagrangian L in the form 
where dh is the horizontal (or “formal”) differential, and where the (m + 1)-form 6L 
is the Euler-Lagrange form for L: that is, it is (m + 1)-horizontal over the total space 
of the original bundle, and m-horizontal over the base space, and incorporates the 
Euler-Lagrange equations. In coordinates, SL would appear as 
For higher-order Lagrangians, the existence of Cartan forms is proved by induction, 
using the first variation formula repeatedly to “integrate by parts”. The induction 
hypothesis is that, for every bundle u and for some k > 1, there is an operator Si-1 
mapping l-forms horizontal over the total space of V, to m-forms horizontal over the 
total space of V. The map must be local (that is, it must map germs to germs) and it 
must be such that, if iT E A J”-‘v then 
E;-‘(;T) = 5 A 52 t d&S;-‘(Z)) 
has the properties of an Euler-Lagrange form. By taking u = ?rr, we may then construct 
an operator St with the same properties, using the formula 
S;(u) = s;;‘(z) + s J E;;‘(z), 
where u = irlJk,, and where all the pull-back maps have been omitted for simplicity. 
The form ii: is the “spread out” version of u, and the existence of such a form may be 
proved using tubular neighbourhoods. The proof that this procedure works involves a 
number of technical steps, and may be found in the references cited. A candidate for 
the Cartan form of a Lagrangian L : Jkn --f R is then 
0~ = S;(dL) + Lf-l. 
As the procedure is quite complicated, it may be helpful to see a specific example of 
its use, written out in coordinates. Consider the case of the trivial bundle R” x R” 2 
R”, with global coordinates (zi, ua), and let 
u = a;dx’ + u,dua + aidup + u;du; 
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be a general l-form on J2r. Let r : Jllrl - J2n be the projection given by the global 
coordinates, so that 
ran = qdz’ + u,dua + ;c&du; + du;) + ozda; 
is the corresponding l-form “spread out” to the whole of J’nl. We may use .!i’& and 
dh (over J’lr) to get 
The formula for Sz is, in this case, 
S;(a) = S& JT*c + s; J$(T*~) 
so that, in coordinates, 
+ ac(dur - Uzdzk) A drnmlzje 
The Cartan form for L : J2?r - R is then 
(dvQ - Uzdsk) A d”-‘xj 
t & g(du4 - u;*dx”) A dn-‘zj + L dmx 
‘3 
where the constant n(ij) denotes the number of different indices represented by the pair 
(ij), and appears as a result of the symmetrization involved in higher jet coordinates 
when written out in ordinary index notation. 
7. Higher-order theories - a second approach 
While the approach described in the previous section gives a satisfactory construc- 
tion of a global Cartan form in higher-order theories, it becomes more and more com- 
plex as the order of the Lagrangian increases: in k-th order theories, dL A Cl? must be 
“spread out” in k - 1 separate stages, and the integration by parts procedure must be 
carried out k - 1 times. A simpler method, expressed in terms of Legendre transforma- 
tions but leading to the same result, may be described by starting with a Lagrangian 
L : J”n - R and spreading out just once: to maps r : J’nk-1 - R satisfying 
Cl L. Jk?r = 
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Of course there will be many such maps z, and 
problem. 
Now apply the first-order theory to I;, to obtain 
Legr : Jlrk-1 - J’*:_, 
as a map fibred over idJkeIn: in coordinates, 
this gives rise to the uniqueness 
a Legendre transformation 
k-l - 
poLegZ=Z- C U~,i~ 
III=0 ’ 
where the sum over the multi-index I is indicated explicitly. The Euler-Lagrange equa- 
tions for Z are 
al; 
thy 
d aZ 0 ---_-=. 
dz’ &.L& 
The objective now is to use these results for z to try to obtain corresponding results 
for L. To find the Euler-Lagrange equations for L, we take the equations for z and 
prolong them k - 1 times (so that they describe a submanifold of Jk+‘nk-r). By taking 
suitable combinations of these equations, we obtain, for 0 1 k - 1, 








Now restrict these equations to J2kn C J”+’ Xk-1 and use the prolongations of the 
coordinate relationships 
dL ax -=- 






I+li=K au’;; Jks 
to eliminate terms in II, giving 
A note on Legendre transformations 119 
the Euler-Lagrange equations for L. Note that, in the prolonged equations for I;, the 
partial derivatives of z appear in just the right combination to be replaced (when 
restricted to J2”7r) by the partial derivatives of L: this indicates that this restriction 
does not depend on the derivatives of z in non-holonomic directions, but only upon 
the derivatives in holonomic directions. As we would expect, the equations for L are 
then determined uniquely, and do not depend on the particular extension z which has 
been chosen. This observation also shows that the calculations above do not depend 
upon a particular choice of coordinates. 
The corresponding calculations for the Legendre transformation of L do not, how- 
ever, work out in such a satisfactory way. If we attempt to construct a map LegL : 
J2k-‘n - J’n+ k_l by prolongation and restriction (and also by using the Euler- 
Lagrange equations for z, since we are only interested in what happens along solutions 
of these equations), we find that 
k-I+1 
p2"oLegL = c C(I,K)$au:L t Q:;, 
lKl=O Z+K+li 
k k-IJI 
dlKl ?lL ’ 
poLegL = L- c c C(J)@pr t f$ 
I+1 IKJ=o J+K 
where C( J, K), C(J) are constants, and where Q$i, R’ are functions of z. The latter 
functions are not eliminated by the prolongation procedure, and this indicates that 
the Legendre transformation for L does depend on the derivatives of z on J”x in 
non-holonomic directions. The Legendre transformation is therefore not unique for 
k > 1. 
The conclusion we have just obtained may seem, at first sight, to contradict the 
commonly-accepted view that the Legendre transformation (and Cartan form) may 
be constructed uniquely for field theories in the case when k = 2. In fact, our result 
is slightly more subtle than this: it turns out that, in the case k = 2, it is possible to 
choose a Legendre transformation in a canonical way from the set of possible Legendre 
transformations, and this is the map which is commonly described as the “unique” 
Legendre transformation. This choice involves the use of semi-holonomic jets. 
8. Interlude: semi-holonomic jet bundles 
Given any bundle E & M, there are two maps (nl)l,o,jl(nl,o) : J’?rl - J1r, 
and the semi-holonomic jet manifold j27r is defined to be the submanifold of J’?rl 
where these two maps are equal: we have 
J2a c i2r c J’nl. 
In coordinates, 
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so coordinates on j27r are (z’, u”, up, T&). 
One of the features of the semi-holonomic jet manifold $?r is that it has a canonical 
factorization as a fibre product over J1r, 
where the second-order coordinates on J2n are the symmetric functions u;, and those 
on the tensor space are the skew-symmetric components U;qj-u;aj of the original second- 
order coordinates on j2,. We shall let r : j2r - J2?r be the projection determined 
by this factorization. An example of the use of this projection arises in the theory of 
connections, where if I? : E - J’n is a connection and j’r : J’n ------f J2r is its 
prolongation, then the composite jlr o r takes its values in j27r: the map 
(r - idjz, )oj1r0r=&d+4h~~T*~ 
is just the curvature of the connection, and is a coordinate-independent way of mea- 
suring the commutativity of mixed partial derivatives. 
9. The special case of second-order theories 
Let L : J2n - R be a second-order Lagrangian, and let z : Jl?rl ----t R satisfy 
L = ,I Jka. Using the approach of Section 7, the map Legz : J1rl - J’sf may be 
given in coordinates by 
The Euler-Lagrange equations for z are 
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and the coordinate relationships are 
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If we pull these relationships back to J2n 1, we may use the second coordinate rela- 
tionship and the second Euler-Lagrange equation to get 
J3n 
so that hE,lP%&3, depends only on the derivatives of z in holonomic and semi- 
holonomic directions, and not on the derivatives in non-holonomic directions. If we 
therefore choose a function z which satisfies zlj2, = r*L (and such a choice may 
again always be made, by using a tubular neighbourhood of j2n in J’nl) then 
The resulting Legendre transformation for L, LegL : J3?r - Jlrf, is then given in 
coordinates by 
aL 1 d dL 
p2oLegL = q - --- n(ij) dx” 8~; ’ 
1 dL 
pyoJ_,egL = -- 
n(ij) aqj ’ 
poLegL= L-u: 
dL 1 d dL 
G- -Y- 
3 n(Q) dx’ &L$ 
and is determined uniquely. 
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